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In a graph G = (V,E), each vertex v ∈ V is labelled with 0, 1 or 2 such that each vertex labelled with 0 is adjacent
to at least one vertex labelled 2 or two vertices labelled 1. Such kind of labelling is called an Italian dominating
function (IDF) of G. The weight of an IDF f is w(f) =
∑
v∈V f(v). The Italian domination number of G is
γI(G) = minf w(f). Gao et al. (2019) have determined the value of γI(P (n, 3)). In this article, we focus on the
study of the Italian domination number of generalized Petersen graphs P (n, k), k 6= 3. We determine the values of
γI(P (n, 1)), γI(P (n, 2)) and γI(P (n, k)) for k ≥ 4, k ≡ 2, 3(mod5) and n ≡ 0(mod5). For other P (n, k), we
present a bound of γI(P (n, k)). With the obtained results, we partially solve the open problem presented by Bresˇar et
al. (2007) by giving P (n, 1) is an example for which γI = γr2 and characterizing P (n, 2) for which γI(P (n, 2)) =
γr2(P (n, 2)). Moreover, our results imply P (n, 1) (n ≡ 0(mod 4)) is Italian, P (n, 1) (n 6≡ 0(mod 4)) and
P (n, 2) are not Italian.
Keywords: generalized Petersen graph, Roman domination, Italian domination, rainbow domination
1 Introduction and notations
We first introduce some terminologies and symbols in this paper. G = (V,E) is a graph with vertex set V
and edge set E. N(v) the open neighborhood of v ∈ V is the set of vertices which are adjacent to v, i.e.
N(v) = {u|(u, v) ∈ E(G)}. N [v] = N(v) ∪ {v} is the close neighborhood of v. The number of vertex
in N(v) is the degree of v, denoted as deg(v) = |N(v)|. ∆(G)/δ(G) is the maximum/minimum degree of
G. If deg(v) = r for every v ∈ V , then G is r−regular.
A dominating set of G is a set D ⊆ V (G) and N [D] = V (G). The domination number of G is
the minimum cardinality of dominating sets, denoted as γ(G). Domination has many variants. Roman
domination [1] and rainbow domination [2] are two attractive ones.
Let f : V → {0, 1, 2} be a function on G = (V,E). If for every vertex v ∈ V with f(v) = 0 there are
at least one vertex u with f(u) = 2 in N(v), then f is called a Roman dominating function (RDF).
Let f : V → {∅, {1}, {2}, {1, 2}} be a function on G = (V,E). If for every vertex v ∈ V with
f(v) = ∅ it holds ∪u∈N(v)f(u) = {1, 2}, then f is called 2-rainbow dominating function (2RDF). The
weight of f is w(f) =
∑
v∈V |f(v)|. The 2-rainbow domination number γr2(G) = minf w(f).
Bresˇar et al. [2] studied the 2-rainbow domination number of trees and introduced the concept of weak
{2}-dominating function (W2DF). In [3], Chellali et al. initiated the study of Roman {2}-domination
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which is a generalization of Roman domination. Essentially, the Roman {2}-dominating function is the
same as W2DF. This new domination is named Italian domination by Henning et al.[4].
Let f : V → {0, 1, 2} be a function on G = (V,E). If for every vertex v ∈ V with f(v) = 0, it
holds
∑
u∈N(v) f(u) ≥ 2, then f is called an Italian dominating function (IDF) of G. The weight of f
is w(f) =
∑
v∈V f(v). The Italian domination number of G is γI(G) = minf w(f). An IDF f is a
γI -function if it’s weight w(f) = γI(G). If γI(G) is equal to 2γ(G), then G is called an Italian graph.
Scholars are interested in the relationship between γI(G) and γr2(G), the relationship between γI(G)
and γ(G) as well as in finding the value of γI(G). Chellali et al. [3] show γI(G) ≤ γr2(G) for a graph
G. Bresˇar et al. [5] present an open problem that is for which classes of graphs γr2 = γI . And they prove
for trees γI(T ) = γr2(T ) [2]. Ste¸pien´ et al. [6] show γI(Cn2C5) = γr2(Cn2C5). If γI(G) = 2γ(G),
then G is called an Italian graph. Stars and double stars are Italian graphs [4]. More studies on finding
the Italian domination number, please refer to [7, 8]. The value of γI(P (n, 3)) is determined by Gao et
al. [9]. There are many studies [10, 11, 12, 13] are related to Italian domination.
In this article, we determine the values of γI(P (n, 1)), γI(P (n, 2)) and γI(P (n, k)) for k ≥ 4, k ≡
2, 3(mod5) and n ≡ 0(mod5). We give P (n, 1) is an example for which γI = γr2 and we characterize
P (n, 2) for which γI(P (n, 2)) = γr2(P (n, 2)). Our results imply P (n, 1) (n ≡ 0(mod 4)) is Italian,
P (n, 1) (n 6≡ 0(mod 4)) and P (n, 2) are not Italian.
2 The Italian domination number of P (n, 1)
Let G be P (n, k), we use the notation f to define an Italian domination function on G,
f(V (G)) =
(
f(v0) f(v2) f(v4) · · · f(v2n−2)
f(v1) f(v3) f(v5) · · · f(v2n−1)
)
.
Figure 1 (a) shows the graph P (6, 2) and (b) shows P (6, 2) under f , in which red vertices represent
f(v) = 1, blue vertice represent f(v) = 0.
v0
v2
v4
v6
v8
v10v1
v3
v5
v7
v9
v11
(a)
0 1 0 0 1 1
0 0 1 1 1 0
(b)
Figure 1: (a) Graph P (6, 2). (b) P (6, 2) under f .
Theorem 1. γI(P (n, 1)) ≤ n.
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Proof: Let
f =

(
1 0
0 1
)n
2
n ≡ 0(mod 2),(
1 0
0 1
)n−1
2
(
1
0
)
n ≡ 1(mod 2),
where n2 (
n−1
2 ) means we repeat the two columns
n
2 (
n−1
2 ) times. Then w(f) = n, thus γI(P (n, 1)) ≤
n.
Next we will prove γI(P (n, 1)) ≥ n. Let f be an IDF on P (n, 1), we denote V i = {v2i, v2i+1},
w(fi) = f(v2i) + f(v2i+1) (0 ≤ i ≤ n− 1).
Lemma 1. If w(fi) = 0 (0 ≤ i ≤ n − 1), then w(fi−1) + w(fi+1) ≥ 4, where subscripts are read
modulo 2n.
Proof: w(fi) = 0, i.e. f(v2i) = f(v2i+1) = 0, by the definition of IDF, f(v2i−2) + f(v2i+2) ≥ 2 and
f(v2i−1)+f(v2i+3) ≥ 2, i.e. f(v2i−2)+f(v2i−1)+f(v2i+2)+f(v2i+3) = w(fi−1)+w(fi+1) ≥ 4.
Theorem 2. γI(P (n, 1)) ≥ n.
Proof: Let G be P (n, 1), by bagging approach [8], specifically, we use the following steps to put vertices
into five bags B1, · · · , B5.
Initialization: m1 = m2 = m3 = m4 = m5 = 0, B1 = B2 = B3 = B4 = B5 = ∅, D[i] = 0 for
i = 0 up to n− 1.
Step 1. For every i with w(fi) = 0 ∧ w(fi+1) = 2 do m1 = m1 + 1, D[i] = D[i + 1] = 1,
B1 = B1 ∪ V i ∪ V i+1.
Step 2. For every i with w(fi) = 0 ∧ w(fi+1) ≥ 3 ∧ w(fi+2) = 0 ∧D[i + 2] = 0 do m2 = m2 + 1,
D[i] = D[i+ 1] = D[i+ 2] = 1, B2 = B2 ∪ V i ∪ V i+1 ∪ V i+2.
Step 3. For every i with w(fi) = 0 ∧w(fi+1) ≥ 3 ∧ (w(fi+2) ≥ 1 ∨D[i+ 2] = 1) do m3 = m3 + 1,
D[i] = D[i+ 1] = 1, B3 = B3 ∪ V i ∪ V i+1.
Step 4. For every i with w(fi) = 0 ∧ w(fi+1) ≤ 1, by Lemma 1, w(fi−1) ≥ 3 do m4 = m4 + 1,
D[i− 1] = D[i] = 1, B4 = B4 ∪ V i−1 ∪ V i.
By now for every i with D[i] = 0, w(fi) > 0.
Let B5 = V (G)−B1 −B2 −B3 −B4, m5 = |B5|2 .
Since 2m1 + 3m2 + 2m3 + 2m4 +m5 = n,
f(V (G)) ≥ m1 × 2 +m2 × 3 +m3 × 3 +m4 × 3 +m5
= 2m1 + 3m2 + 3m3 + 3m4 +m5
≥ 2m1 + 3m2 + 2m3 + 2m4 +m5
= n.
Thus, γI(G) ≥ n.
By Theorem 1 and Theorem 2, we obtain the value of γI(P (n, 1)).
Theorem 3. For any integer n ≥ 3, γI(P (n, 1)) = n.
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Theorem 4. ([16]) If n ≥ 5, we have γr2(P (n, 1)) = n.
By Theorem 3-4, P (n, 1) is an example for which γI = γr2.
Theorem 5. ([17]) If n ≥ 3, then we have
γ(P (n, 1)) =
{
n
2 + 1 if n ≡ 2(mod 4),
dn2 e otherwise.
By Theorem 3 and Theorem 5, γI(P (n, 1)) = 2γ(P (n, 1)) for n ≡ 0(mod 4). Hence, P (n, 1) for
n ≡ 0(mod 4) is Italian, while P (n, 1) for n 6≡ 0(mod 4) is not Italian.
3 The Italian domination number of P (n, 2)
Lemma 2. ([3]) For every graphG, γI(G) ≤ γr2(G), where γr2(G) is the 2-rainbow domination number.
Lemma 3. ([15])
γr2(P (n, 2)) =
{
d 4n5 e n ≡ 0, 3, 4, 9(mod 10),
d 4n5 e+ 1 n ≡ 1, 2, 5, 6, 7, 8(mod 10).
Theorem 6.
γI(P (n, 2)) ≤
{
d 4n5 e n ≡ 0, 3, 4(mod 5),
d 4n5 e+ 1 n ≡ 1, 2(mod 5).
Proof: By Lemma 2-3,
γI(P (n, 2)) ≤ γr2(P (n, 2)) = d4n
5
e n ≡ 0, 3, 4, 9(mod 10),
γI(P (n, 2)) ≤ γr2(P (n, 2)) = d4n
5
e+ 1 n ≡ 1, 2, 6, 7(mod 10).
For n ≡ 5, 8( mod 10), we can get the upper bound is d 4n5 e instead of d 4n5 e+1 by constructing an IDF
f as follows.
f =

(
0 1 0 0 1
0 0 1 1 0
)n
5
n ≡ 5(mod 10),(
0 1 0 0 1
0 0 1 1 0
)n−3
5
(
0 0 1
1 1 0
)
n ≡ 8(mod 10).
Then w(f) = n5 × 4 = 4n5 for n ≡ 5(mod 10), w(f) = n−35 × 4 + 3 = 4n+35 for n ≡ 8(mod 10).
So, γI(P (n, 2)) ≤ d 4n5 e for n ≡ 5, 8(mod 10).
Thus,
γI(P (n, 2)) ≤
{
d 4n5 e n ≡ 0, 3, 4(mod 5),
d 4n5 e+ 1 n ≡ 1, 2(mod 5).
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Next we will prove the lower bound of γI(P (n, 2)) is equal to the upper bound.
Lemma 4. ([3]) If G is a connected graph and maximum degree ∆(G) = ∆, then γI(G) ≥ 2|V (G)|∆+2 .
Theorem 7. Let G = P (n, 2), then
γI(G) ≥
{
d 4n5 e n ≡ 0, 3, 4(mod 5),
d 4n5 e+ 1 n ≡ 1, 2(mod 5).
Proof: Case 1. n ≡ 0, 3, 4 (mod 5). In G = P (n, 2), ∆(G) = 3, |V (G)| = 2n, by Lemma 4,
γI(P (n, 2)) ≥
⌈
4n
5
⌉
.
Case 2. n ≡ 1, 2 (mod 5). Let f = (V0, V1, V2) be a γI -function of P (n, 2), where Vi = {v ∈
V |f(v) = i}, then γI(P (n, 2)) = w(f) =
∑
v∈V f(v) = |V1| + 2|V2|. First, we prove γI(P (n, 2)) ≥
d 4n5 e + 1, i.e. γI(P (n, 2)) > d 4n5 e is equivalent to rf (V ) > 0.2 for n ≡ 1 (mod 5) and rf (V ) > 0.4
for n ≡ 2 (mod 5), where
rf (V ) =
∑
v∈V
rf (v) =
∑
v∈V
(gf (v)− 0.4) = gf (V )− 0.8n,
gf (v) =

0.2|V1 ∩N(v)|+ 0.5|V2 ∩N(v)| v ∈ V0,
0.4 + 0.2|V1 ∩N(v)|+ 0.5|V2 ∩N(v)| v ∈ V1,
0.5 + 0.2|V1 ∩N(v)|+ 0.5|V2 ∩N(v)| v ∈ V2.
In fact,
gf (V ) =
∑
v∈V
gf (v)
=
∑
v∈V0
gf (v) +
∑
v∈V1
gf (v) +
∑
v∈V2
gf (v)
=
∑
v∈V0
(0.2|V1 ∩N(v)|+ 0.5|V2 ∩N(v)|)
+
∑
v∈V1
(0.4 + 0.2|V1 ∩N(v)|+ 0.5|V2 ∩N(v)|)
+
∑
v∈V2
(0.5 + 0.2|V1 ∩N(v)|+ 0.5|V2 ∩N(v)|)
= 0.2
∑
v∈V1
|N(v) ∩ V0|+ 0.5
∑
v∈V2
|N(v) ∩ V0|
+0.4|V1|+ 0.2
∑
v∈V1
|N(v) ∩ V1|+ 0.5
∑
v∈V2
|N(v) ∩ V1|
+0.5|V2|+ 0.2
∑
v∈V1
|N(v) ∩ V2|+ 0.5
∑
v∈V2
|N(v) ∩ V2|
= 0.4|V1|+ 0.2
∑
v∈V1
|N(v) ∩ V0|+ 0.2
∑
v∈V1
|N(v) ∩ V1|+ 0.2
∑
v∈V1
|N(v) ∩ V2|
+0.5|V2|+ 0.5
∑
v∈V2
|N(v) ∩ V0|+ 0.5
∑
v∈V2
|N(v) ∩ V1|+ 0.5
∑
v∈V2
|N(v) ∩ V2|
= 0.4|V1|+ 0.2
∑
v∈V1
|N(v)|+ 0.5|V2|+ 0.5
∑
v∈V2
|N(v)|
= 0.4|V1|+ 0.2× 3|V1|+ 0.5|V2|+ 0.5× 3|V2| = |V1|+ 2|V2| = γI(P (n, 2)).
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Then rf (V ) = gf (V ) − 0.8n = γI(P (n, 2)) − 0.8n i.e. γI(P (n, 2)) = rf (V ) + 0.8n. Thus,
γI(P (n, 2)) > d 4n5 e is equivalent to rf (V ) >
⌈
4n
5
⌉− 0.8n.
For n ≡ 1(mod 5), let n = 5q+ 1, then ⌈ 4n5 ⌉− 0.8n = ⌈ 4(5q+1)5 ⌉− 4(5q+1)5 = 4q+ 1− 4− 45 = 0.2.
For n ≡ 2( mod 5), let n = 5q+2, then ⌈ 4n5 ⌉−0.8n = ⌈ 4(5q+2)5 ⌉− 4(5q+2)5 = 4q+2−4q− 85 = 0.4.
Hence, γI(P (n, 2)) > d 4n5 e is equivalent to rf (V ) > 0.2 for n ≡ 1 (mod 5) and rf (V ) > 0.4 for
n ≡ 2 (mod 5).
Then, we will prove rf (V ) > 0.2 for n ≡ 1 (mod 5) and rf (V ) > 0.4 for n ≡ 2 (mod 5).
Let E11 = {(u, v) ∈ E|u, v ∈ V1}, E12 = {(u, v) ∈ E|u ∈ V1, v ∈ V2}, then we have some findings
shown in Table 1.
Table 1: Findings
Finding 1 Finding 2 Finding 3 Finding 4
For each vertex v ∈
V , gf (v) ≥ 0.4.
1(0.4)
0(0.4)
1(0.4)
0 1(0.4)
1(0.4)
0(0.6)
1(0.4)
2(0.5)
0(0.5)
0(0.5)
0(0.5)
The numbers outside
the brackets are f(v)
and the numbers in-
side the brackets are
gf (v).
If ∃ v ∈ V0 with
|N(v)∩V1| = 3, then
rf (V ) ≥ 0.2.
If ∃ v ∈ V2, then
rf (V ) ≥ 0.4.
If ∃ v ∈ V0 with
|N(v)∩V1| = 2, then
rf (V ) ≥ 0.
Finding 5 Finding 6 Finding 7 Finding 8
0(0.2) 1(0.6) 0(0.2)
0(0.2) 1(0.6) 0(0.2)
0 0(0.7) 1(0.4)
0(0.5) 2(0.5) 0(0.5)
1(0.4) 0(0.9) 1(0.4)
0(0.5) 2(0.5) 0(0.5)
0(0.2) 1(0.9) 0(0.2)
0(0.5) 2(0.7) 0(0.5)
If ∃ (u, v) ∈ E11,
then rf (V ) ≥ 0.4.
If ∃ v ∈ V0 with
|N(v) ∩ V1| =
|N(v) ∩ V2| = 1,
then rf (V ) ≥ 0.6.
If ∃ v ∈ V0 with
|N(v) ∩ V1| = 2,
|N(v)∩V2| = 1, then
rf (V ) ≥ 0.8.
If ∃ (u, v) ∈ E12,
then rf (V ) ≥ 1.
By Finding 4-Finding 8, in the following cases (Case 1-Case 5) rf (V ) > 0.4.
Case 1. |V2| ≥ 2.
Case 2. |E11| ≥ 2.
Case 3. |V2|+ |E11| ≥ 2.
Case 4. |E12| ≥ 1.
Case 5. ∃ v ∈ V0 with |N(v) ∩ V1| ≥ 1, |N(v) ∩ V2| = 1.
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Besides Case 1-Case 5, there are four cases.
Case 6. |V2| = 1.
Case 7. |E11| = 1.
Case 8. ∃ v ∈ V0 with |N(v) ∩ V1| = 3.
Case 9. Excluding all of above cases, then |V2| = 0, |E11| = 0 and |N(v) ∩ V1| ≤ 2 for v ∈ V0.
According to IDF definition, there must exist vi with f(vi) = 1 for i(mod2) = 0.
Next, we will prove in Case 6-Case 9 rf (V ) > 0.2 for n ≡ 1 (mod 5) and rf (V ) > 0.4 for n ≡ 2
(mod 5).
Case 6. |V2| = 1. Let f(v0) = 2 or f(v1) = 2. For n ≡ 1 (mod 5), by Finding 4, rf (V ) ≥ 0.4 > 0.2.
For n ≡ 2 (mod 5), by contrary, suppose rf (V ) ≤ 0.4.
If f(v0) = 2, by excluding Case 1 and Case 4, f(v1) = f(v2) = 0. By excluding Case 1 and
Case 5, f(v3) = f(v4) = 0. Then by the definition of IDF, f(v5) = 1. Consequently, v1 ∈ V0 and
|N(v1) ∩ V1| = |N(v1) ∩ V2| = 1, by Finding 6, rf (V ) ≥ 0.6 > 0.4. This contradicts the hypothesis.
If f(v1) = 2, by excluding Case 1, Case 4, and Case 5, f(v0) = f(v5) = 0, f(v2) = 0. By the
definition of IDF, f(v3) = f(v4) = 1. Consequently, v5 ∈ V0 and |N(v5) ∩ V1| = |N(v5) ∩ V2| = 1, by
Finding 6, rf (V ) ≥ 0.6 > 0.4, a contradiction.
The IDF f in this case is shown in Figure 2, where green, red and blue vertices stand for f(v) = 2, 1, 0,
respectively.
v0 v2 v4
v1 v3 v5
f(v0)=2
v0 v2 v4
v1 v3 v5
f(v1)=2
Figure 2: f in Case 6.
Case 7. |E11| = 1. For n ≡ 1 (mod 5), by Finding 5, rf (V ) ≥ 0.4 > 0.2. For n ≡ 2 (mod 5), by
contrary, suppose rf (V ) ≤ 0.4. Let f(v0) = f(v1) = 1 or f(v0) = f(v2) = 1 or f(v1) = f(v5) = 1.
If f(v0) = f(v1) = 1, by excluding Case 2 and Case 3, f(v2) = f(v5) = 0. Then f(v4) = 1. After
that, f(v3) = 1 or 0. If f(v3) = 1, then |N(v2)∩V1| = 3, by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4,
a contradiction. Thus, f(v3) = 0. By excluding Case 2, f(v6) = 0. Then f(v7) = 1. After that,
f(v8) = 1 or 0. If f(v8) = 1, then |N(v6) ∩ V1| = 3, by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4, a
contradiction. So, f(v8) = 0. By the definition of IDF, f(v9) = 1. Then, f(v5) = 0 and |N(v5∩V1| = 3,
by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4, a contradiction.
If f(v0) = f(v2) = 1, by excluding Case 2 and Case 3, f(v1) = f(v3) = f(v4) = 0. Then
f(v5) = 1. After that, f(v6) = 1 or 0. If f(v6) = 1, then |N(v4) ∩ V1| = 3, by Finding 3 and Finding
5, rf (V ) ≥ 0.6 > 0.4, a contradiction. So, f(v6) = 0. By the definition of IDF, f(v7) = f(v8) = 1.
By excluding Case 2, f(v9) = f(v10) = f(v11) = 0. Then f(v12) = 1. By excluding Case 2, f(v13) =
f(v14) = 0. Then f(v15) = 1. After that, f(v16) = 1 or 0. If f(v16) = 1, then |N(v14) ∩ V1| = 3,
by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4, a contradiction. So, f(v16) = 0. By IDF definition,
f(v17) = f(v18) = 1. By excluding Case 2, f(v19) = f(v20) = f(v21) = 0. Continue in this way, it
has f(vi) = 1, i ≡ 2, 5, 7, 8(mod 10) and f(vi) = 0, i ≡ 3, 4, 6, 9, 10, 11(mod 10). Since n = 5q + 2,
2n− 2 = 10q + 2, then v2n−2 ∈ V1, v0 ∈ V1, and (v2n−2, v0) ∈ E, by Finding 5, rf (V ) ≥ 0.8 > 0.4, a
contradiction.
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If f(v1) = f(v5) = 1, By excluding Case 2 and Case 3, f(v0) = f(v4) = f(v9) = 0. Then
f(v2) = 1. By excluding Case 2, f(v3) = 0. After that, f(v6) = 0 or 1. If f(v6) = 1, then v4 ∈ V0 and
|N(v4) ∩ V1| = 3, by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4, a contradiction. So, f(v6) = 0. By
IDF definition, f(v7) = f(v8) = 1. By excluding Case 2, f(v10) = f(v11) = 0. Then f(v12) = 1. By
excluding Case 2, f(v13) = f(v14) = 0. Then, f(v15) = 1. After that, f(v16) = 0 or 1. If f(v16) = 1,
then |N(v14)∩V1| = 3, by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4, a contradiction. So, f(v16) = 0.
According to IDF definition, f(v17) = f(v18) = 1. By excluding Case 2, f(v19) = f(v20) = f(v21) =
0. Then f(v22) = 1. Continue in this way, it has f(vi) = 1, i ≡ 2, 5, 7, 8(mod 10) and f(vi) = 0,
i ≡ 3, 4, 6, 9, 10, 11(mod 10). Since n = 5q + 2, 2n − 2 = 10q + 2, then v2n−2 ∈ V1, v0 ∈ V0 and
|N(v0) ∩ V1| = 3, by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4, a contradiction.
The IDF f in this case is shown with Figure 3.
v0 v2 v4 v6 v8
v1 v3 v5 v7 v9
f(v0)=f(v1)=1
v2n−2 v0 v2 v4 v6 v8 v10 v12
v2n−1 v1 v3 v5 v7 v9 v11 v13
f(v0)=f(v2)=1
v2n−2 v0 v2 v4 v6 v8 v10 v12 v14
v2n−1 v1 v3 v5 v7 v9 v11 v13 v15
f(v1)=f(v5)=1
Figure 3: f in Case 7.
Case 8. ∃ v ∈ V0 with |N(v) ∩ V1| = 3. By contrary, suppose rf (V ) ≤ 0.2 for n ≡ 1(mod5) and
rf (V ) ≤ 0.4 for n ≡ 2(mod5). Let f(v2) = 0, f(v0) = f(v3) = f(v4) = 1. By excluding Case 6 and
Case 7, f(v1) = f(v5) = f(v6) = f(v7) = 0. By the definition of IDF, f(v8) = f(v9) = 1. Then,
(v8, v9) ∈ E, by Finding 3 and Finding 5, rf (V ) ≥ 0.6 > 0.4 > 0.2, a contradiction. The f is shown
with Figure 4.
v0 v2 v4 v6 v8
v1 v3 v5 v7 v9
f(v2)=0,f(v0)=f(v3)=f(v4)=1
Figure 4: f in Case 8.
Case 9. ∃ vi with f(vi) = 1 and i(mod2) = 0. By contrary, suppose rf (V ) ≤ 0.2 for n ≡ 1(mod5)
and rf (V ) ≤ 0.4 for n ≡ 2(mod5). Let f(v0) = 1. By excluding Case 6 and Case 7, f(v1) = f(v2) =
0. Then f(v3) = 1 or 0.
If f(v3) = 1. By excluding Case 8, f(v4) = 0. According to IDF definition, f(v5) = f(v6) = 1.
By excluding Case 7, f(v7) = f(v8) = f(v9) = 0. Then f(v10) = 1. By excluding Case 7, f(v11) =
f(v12) = 0. Then f(v13) = 1. By excluding Case 8, f(v14) = 0. Then f(v15) = f(v16) = 1. By
excluding Case 7, f(v17) = f(v18) = f(v19) = 0. By excluding Case 8, f(v21) = 0. According to IDF
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definition, f(v20) = 1. Continue in this way, it has f(vi) = 1, i ≡ 3, 5, 6, 10(mod 10) and f(vi) = 0,
i ≡ 2, 4, 7, 8, 9, 11(mod 10). For n = 5q + 1, 2n − 2 = 10q, f(v2n−2) = 1, then v2n−2, v0 ∈ V1
and (v2n−2, v0) ∈ E. For n = 5q + 2, 2n − 1 = 10q + 3, f(v2n−1) = 1, then v3, v2n−1 ∈ V1 and
(v3, v2n−1) ∈ E. By Case 7, rf (V ) > 0.2 for n ≡ 1(mod5) and rf (V ) > 0.4 for n ≡ 2(mod5), a
contradiction. The IDF f is shown in Figure 5.
If f(v3) = 0. By definition of IDF, f(v4) = 1. By excluding Case 7, f(v5) = f(v6) = 0. Then
f(v7) = 1. By excluding Case 8, f(v8) = 0. Then f(v9) = f(v10) = 1. By excluding Case 7,
f(v11) = f(v12) = f(v13) = 0. Then f(v14) = 1. By excluding Case 8, f(v15) = f(v16) = 0.
Then f(v17) = 1. By excluding Case 8, f(v18) = 0. Then f(v19) = f(v20) = 1. By excluding
Case 7, f(v21) = 0. Continue in this way, it has f(vi) = 1, i ≡ 4, 7, 9, 10(mod 10) and f(vi) = 0,
i ≡ 2, 3, 5, 6, 8, 11(mod 10). For n = 5q + 1, 2n − 2 = 10q, f(2n − 2) = 1, then v2n−2, v0 ∈ V1
and (v2n−2, v0) ∈ E, by Case 7, rf (V ) > 0.2, a contradiction. For n = 5q + 2, 2n − 1 = 10q + 3,
f(2n − 1) = 0, then N(v3) ∩ V0 = 2, this case can not meet the definition of IDF. So, rf (V ) ≤ 0.4 is
not true. The f is shown with Figure 5.
v2n−2 v0 v2 v4 v6 v8 v10 v12
v2n−1 v1 v3 v5 v7 v9 v11 v13
f(v3)=1,n≡1( mod 5)
v2n−2 v0 v2 v4 v6 v8 v10 v12
v2n−1 v1 v3 v5 v7 v9 v11 v13
f(v3)=1,n≡2( mod 5)
v2n−2 v0 v2 v4 v6 v8 v10 v12
v2n−1 v1 v3 v5 v7 v9 v11 v13
f(v3)=0,n≡1( mod 5)
v2n−2 v0 v2 v4 v6 v8 v10 v12
v2n−1 v1 v3 v5 v7 v9 v11 v13
f(v3)=0,n≡2( mod 5)
Figure 5: f in Case 9.
By Theorem 6 and Theorem 7, we have
Theorem 8. Let G be a graph P (n, 2),
γI(G) =
{⌈
4n
5
⌉
n ≡ 0, 3, 4 (mod 5),⌈
4n
5
⌉
+ 1 n ≡ 1, 2 (mod 5).
By Theorem 8 and Lemma 3, we can obtain the following relation,{
γI(P (n, 2)) = γr2(P (n, 2)) n ≡ 0, 1, 2, 3, 4, 6, 7, 9(mod 10),
γI(P (n, 2)) = γr2(P (n, 2))− 1 n ≡ 5, 8(mod 10).
Theorem 9. ([17]) If n ≥ 5, we have γ(P (n, 2)) = d 3n5 e.
By Theorem 8-9, P (n, 2) is not Italian.
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4 The Italian domination number of P (n, k) (k ≥ 4)
Theorem 10. For k ≥ 4,{
γI(P (n, k)) =
4n
5 k ≡ 2, 3(mod 5), n ≡ 0(mod 5),
4n
5 ≤ γI(P (n, k)) ≤ 4(n−k)5 (3k+2)(3k+1) + 4k+63 otherwise.
Proof: By Lemma 4, γI(P (n, k)) ≥ 4n5 . Then we will give the upper bounds by constructing some IDFs.
Case 1. k ≡ 0(mod5). First, we define a function g,
g =
(
10100
00011
) k
5
(
1
0
)(
01010
10001
) k
5
(
10010
01100
) k
5
(
10100
00011
) k
5
(
1
1
)(
01010
10001
) k−5
5
(
010
100
)
.
For n ≡ 0(mod 5k), we define f by repeating g n5k times, i.e. f = g
n
5k or f(vi) = g(vi mod 10k), then
w(f) = (4× k5 × 4 + 4× k−55 + 5)× n5k = n(4k+1)5k = 4n5
(k+ 14 )
k .
For n 6≡ 0(mod 5k),
f(vi) =
{
g(vi mod 10k) 0 ≤ i ≤ 2n− 2k − 1,
h(vi) 2n− 2k ≤ i ≤ 2n− 1.
h(vi) =
{
1 (i− (2n− 2k)) ≡ 0, 1, 3, 5(mod6),
0 (i− (2n− 2k)) ≡ 2, 4(mod6).
h also can be expressed as follows.
h =

(
100
111
) k
3
k ≡ 0(mod3),(
100
111
) k−1
3
(
1
1
)
k ≡ 1(mod3),(
100
111
) k−2
3
(
10
11
)
k ≡ 2(mod3).
The weight of f is w(f) = d(4× k5 × 4 + 4× k−55 + 5)× n−k5k e+ dk3 × 4e = 4(n−k)5
(k+ 14 )
k +
4k+6
3 .
Case 2. k ≡ 1(mod5). Let
g =
(
10100
00011
) k−1
5
(
1
0
)(
00101
11000
) k−1
5
(
001
110
)(
00101
11000
) k−1
5
.
For n ≡ 0(mod(3k + 1)), define f = g n3k+1 i.e. f(vi) = g(vi mod (6k+2)), then w(f) = (4 × k−15 ×
3 + 4)× n3k+1 = 4n5 (3k+2)(3k+1) .
For n 6≡ 0(mod(3k + 1)),
f(vi) =
{
g(vi mod (6k+2)) 0 ≤ i ≤ 2n− 2k − 1,
h(vi) 2n− 2k ≤ i ≤ 2n− 1.
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h is defined in Case 1, then w(f) = d(4× k−15 × 3 + 4)× n−k3k+1e+ dk3 × 4e = 4(n−k)5 (3k+2)(3k+1) + 4k+63 .
Case 3. k ≡ 2, 3(mod5). We first define
g =
(
10100
00011
)
.
For n ≡ 0(mod5), let f = g n5 i.e. f(vi) = g(vi mod 10), then w(f) = 4× n5 = 4n5 .
For n 6≡ 0(mod5),
f(vi) =
{
g(vi mod 10) 0 ≤ i ≤ 2n− 2k − 1,
h(vi) 2n− 2k ≤ i ≤ 2n− 1.
h is defined in Case 1, then w(f) = d4× n−k5 e+ dk3 × 4e = 4(n−k)5 + 4k+63 .
Case 4. k ≡ 4(mod5). We define
g =
(
10100
00011
) k+1
5
(
1
1
)(
01010
10001
) k−4
5
(
0101
1000
)(
01001
00110
) k−4
5
(
010
001
)(
10010
01100
) k−4
5
(
1001
0110
)(
01010
10001
) k−4
5
(
010
100
)
.
For n ≡ 0(mod 5k), let f = g n5k i.e. f(vi) = g(vi mod 10k), then w(f) = (4× k+15 + 4× k−45 × 4 +
13)× n5k = 4n5
(k+ 14 )
k .
For n 6≡ 0(mod 5k),
f(vi) =
{
g(vi mod 10k) 0 ≤ i ≤ 2n− 2k − 1,
h(vi) 2n− 2k ≤ i ≤ 2n− 1.
h is the same as in Case 1, then w(f) = d(4 × k+15 + 4 × k−45 × 4 + 13) × n−k5k e + dk3 × 4e =
4(n−k)
5
(k+ 14 )
k +
4k+6
3 .
5 Conclusions
The purpose of this paper is to study the Italian domination number of generalized Petersen graphs
P (n, k), k 6= 3. We determine the exact values of γI(P (n, 1)), γI(P (n, 2)) and γI(P (n, k)) for k ≥ 4,
k ≡ 2, 3(mod5) and n ≡ 0(mod5). For other P (n, k), we present a bound of γI(P (n, k)). We obtain
the relationship between γI(P (n, k)) and γr2(P (n, k)) for k = 1, 2.
γI(P (n, 1)) = γr2(P (n, 1))
γI(P (n, 2)) = γr2(P (n, 2)) n ≡ 0, 1, 2, 3, 4, 6, 7, 9(mod 10),
γI(P (n, 2)) = γr2(P (n, 2))− 1 n ≡ 5, 8(mod 10).
Moreover, our results imply P (n, 1) (n ≡ 0(mod 4)) is Italian, P (n, 1) (n 6≡ 0(mod 4)) and P (n, 2)
are not Italian.
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